ON THE SPECTRUM OF THE STOKES OPERATOR 
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Abstract. We prove Li-Yau-type lower bounds for the eigenvalues of the Stokes oper- 
ator and give applications to the attractors of the Navier-Stokes equations. 



I. Introduction 

The monotonically ordered eigenvalues {fik}'kLi of the scalar Dirichlet problem for the 
Laplacian in a bounded domain Q C K n 

satisfy the classical H.Weyl asymptotic formula 

'( 27r )n\2/n 



cj n |f2| 



k 2/n as k — > oo, 



where is the n-dimensional Lebesgue measure of £1 and to n = 7r n / 2 /T(l + n/2) is the 
volume of the unit ball in M. n . This implies that 

^ „ ( ^iL) m l+2/n as m ^ oo. 

^ k 2 + n\u n \n\J 

In fact, 

This remarkable sharp lower bound was proved in [14J and holds for all m = 1, 2, . . . and 
for any domain with \Q\ < oo. 

In this paper we prove Li-Yau-type lower bounds for the spectrum {Xk}^=i of the Stokes 
operator: 

- Av k + Vpfc = X k v k , , 

(1.2) 

dwv k = 0, v k \ dn = 0, 
where Q C M. n , < oo, n > 2. The asymptotic behavior of the eigenvalues is known pQ 
(n = 3), m (n>2): 

Afc ~ f (27r) " ^ ^ /c 2 / n as fc - oo. (1.3) 



The main result of this paper proved in Section [2] is the following sharp lower bound for 
the spectrum of the Stokes operator: 

n f (2tt) w n 2/n 
2 + n Va; n (n- 1)101 
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In addition, Ai > \L\. Then in Section [3] we apply this bound with n = 2 and the 
Lieb-Thirring inequality with improved constant to the estimates of the dimension of the 
attractors of the Navier-Stokes system with Dirichlet boundary conditions. 

2. Li-Yau bounds for the spectrum of the Stokes operator 

Throughout Q is an open subset of ~R n with finite n-dimensional Lebesgue measure \Q\: 

flCl", n > 2, |0| < oo. 

We recall the basic facts in the theory of the Navier-Stokes equations [HI HH [21] . We 
denote by V the set of smooth divergence-free vector functions with compact supports 

V = {u : -f R n , u G Cg°(n), divu = 0} 

and denote by H and V the closure of V in L 2 (f2) and H 1 (fi), respectively. The Helmholtz- 
Leray orthogonal projection P maps L 2 (f2) onto H, P : L 2 (f2) — » i7. We have (see [19] ) 

L 2 {Q) = H®H ± , H ± = {ue L 2 (0), u = Vp, p6 4° c (^)}> 

^C{ue Hj(fi), divu = 0}, 

where the last inclusion becomes equality for a bounded Q with Lipschitz boundary. 
The Stokes operator A is defined by the relation 

(Au, v) = (V«, Vv) for all u, v in V (2.1) 

and is an isomorphism between V and V. For a sufficiently smooth u 

Au = -PAu. 

The Stokes operator A is an unbounded self-adjoint positive operator in H with compact 
inverse. It has a complete in H and V system of orthonormal eigenf unctions {vk}^ =1 G V 
with corresponding eigenvalues {Afc}^, A^ — > oo as A; — > oo: 

Aufe = A fe t; fc , < Ai < A 2 < . . . . (2.2) 

Taking the scalar product with Vk we have by orthonormality and (12.1 1) that 

A fe = ||V^|| 2 . (2.3) 

In case when Q is a bounded domain with smooth boundary the eigenvalue problem (12.21) 
goes over to (11.21) . 

Our main goal is to prove uniform estimates for the Fourier transforms of orthonormal 
families of divergence-free vector functions (see Lemma [2. 4p . 

Given a function ip G L 2 (£l) we denote by ^(^) the Fourier transform of its extension 
by zero outside Q: 



Lemma 2.1. Let the family {(pk}k"=i be orthonormal in L 2 : ((p^,(pi) = $ki- Then 

in 

Ei^(or<N- (2.4) 



k=l 

Proof. Denoting by * the complex conjugate we have by orthonormality 

^ k=l ' ^ 1=1 ' k=l 



□ 
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Remark 2.1. Inequality 12 .41 is nothing other than Bessel's inequality applied to the function 
h(x) = e~~^ x \xen with \\h\\ 2 L2 = \fl\ and the orthonormal family {^(x)}™^ [H]. 

Next we observe that Lemma 12.11 still holds if we replace the orthonormality condition 
by suborthonormality. 

Definition 2.1. A family {(fi} 7 ^ =1 is called suborthonormal if for any ( £ C m 

m m 

E^c;(^-)<Eioi 2 - (2.5) 

i,j=l j=l 

Remark 2.2. This convenient and flexible notion of suborthonormality was introduced 
in [9] with real ( e M m and is equivalent to the formally more general Definition 12.11 

Lemma 2.2. Let the family {ipk}k"=i be suborthonormal. Then 

m 

£|<^(£)| 2 <M- (2.6) 
k=i 

Proof. As in Lemma 12.11 with (I2.5P instead of orthonormality we have 

P / m \ / m \* 

0< J ^e-^-^^(e)^(x)J^-^-^^(e)^(^)J dx = 

mm m 

fc=i k,i=i fc=i 



□ 



We now turn to orthonormal families of vector functions {uk}™ = i, Uk = (u\, . . •«£)• 



Lemma 2.3. Let the family of vector functions {uk}™ = i be orthonormal in L 2 (f2) and let 
Q be an arbitrary orthogonal projection. Then the family {Qitfc}fcLi is suborthonormal. 

Proof. We set Uk = ffc + Wk, Vk = Quk and Wf. = (I — Q)uk- Then (vk,Wi) = for all 
k, I — 1, . . . , n and (u k , u{) = (v k , v{) + (w k , wi). Therefore 

m m m 

Y CkC*(v k ,vi) = Y CkQ(u k ,ui) - Y CkQ(w k ,wi) = 
k,l=l k,l=l k,l=l 



2 



m m 

fe=i fe=i 

□ 

Corollary 2.1. If the family of vector functions {uk}™ = i is orthonormal in L 2 , then 

m 

J2\u k (£)\ 2 <n\n\. (2.7) 
fe=i 

Proof. By Lemma [231 each family {m^,}^ =1 is suborthonornal j = 1, . . . , n, and (12.71) follows 
from Lemma 12.21 □ 

The next lemma is the central point in the proof of the lower bounds for the spectrum 
and says that under the divergence- free condition the estimate (12. 7p goes over to (12.81) . 
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Lemma 2.4. If the family of vector functions {itk}™ = i is orthonormal and Uk G H^fi), 
div Uk = 0, k — 1, . . . , m, then 



J2\u k (0\ 2 <(n-m\. (2.8) 

fc=l 

Proof. We first observe that for all £ G 

£ ■ «fc(0 = £ ■ / e~^ x u k (x) dx = i / u k ■ V x e~ l ^ x dx = -i / e"* ?x divu fc = 0. 



Let £o 7^ be of the form: 

£o = (a,0,...,0), a^O. (2.9) 

Since £ • Wfc(£o) = 0, it follows that ul(£,o) — for k = l,...,m, which in view of 
Lemmas 12.31 and 12.21 proves the estimate (12.81) for £ of the form (12.91) : 

m n m 

fc=i i=2 fc=i 

The general case reduces to the case (12. 9p by the corresponding rotation. Let p be a 
rotation of M" about the origin represented by the orthogonal (nxn)- matrix p with entries 
Pij. Given a vector function u(x) = (u 1 (a;), . . . ,u n (x)) we consider the vector function 

u p (x) := pu(p~ x x), x G pVt. 

Let us calculate the divergence of u p (x). Setting p~ x x — y,yi — J2k(P~ 1 )ik x k we have 



du p {x) d A-^ , \ sr du j (y)dy l ^ ^du j (y) 

Therefore 

.. , . v-^ du j (y). _ u ^-^ duHy) v^v _ u ,. , s 

dwu p {x) = 2_^Pi 3 —Q — KP )u = 2^ —q— 2^(P )iiPH = divu(y). 

1 3,1 1 i 

In addition, 

(u p ,Vp) = / pu{p~ l x) ■ pv{p~ l x) dx = I u(p^x) ■ v(p^ 1 x) dx = / u(y) ■ v(y) dy = (u,v). 



Combining this we obtain that the family {(wjfc)p}fcLi belongs to Hq(/>Q), is orthonormal 
and div(uk) p = 0. 



Next we calculate u p and show that 



u p (i)=pu(p- 1 i). (2.10) 

In fact, 

{Tu p ){0 = u p (g) = [ e^ x u p {x) dx = p [ e^ x u{p- l x) dx = 



p / e*nu(y)dy = p / e^^y) dy = pu{p- l i). 



We now fix an arbitrary £ G M n , £ 7^ and set £ = (|£|> 0, . . . , 0). Let p be the rotation 
such that £ = p _1 £o- Then we have 

m m m m 

E i^)i 2 = E = E Ip -1 Mp(g>)i 2 = E ikS(^)i 2 < (« - 
fe=i fe=i fe=i fe=i 
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where we have used (12.101) and the fact that inequality (12. 8p has been proved for £ of the 
form (12.91) for any orthonormal family of divergence-free vector functions. Finally, the 
estimate (I2.8P is extended to £ = by continuity (observe that u fc G L x since \ fl\ < oo and 
hence the Fourier transforms u~k are continuous.) □ 

Remark 2.3. In fact, (12. 8p holds under milder assumption that Uf. G H, k = 1, . . . , m. 

We need the following lemma from [14|, whose proof we give for the sake of completeness. 

Lemma 2.5. (See [HJ.) Let a function /(£), / : R" -> R satisfy 

< /(£) < M x and j |£|7(£K < M 2 . 

Then 

' /(£)<*£ < {M 1 LO n )^ 2+n \M 2 {2 + n)/n) n/(2+n) . (2.11) 



Proof. We first observe that (12.111) turns into equality for a constant multiple of the char- 
acteristic function g(£) of any ball centered at the origin in R n . We set 

9 ™ \ o, |£| > it;. 

Then (|£| 2 - i? 2 )(/(£) - #(£)) > so that 

R 2 J(f(0-g(m< J Kl 2 (/(0-^m<o, 

where the second inequality holds provided that R is defined by the equality 

|£| 2 <?(£R = M 2 . 



Hence 

r f(Z)dZ < I <?(£)d£ = (M 1 u n ) 2 ^ +n \M 2 (2 + n)/n) n ^ +n \ 



□ 



We can now formulate our main results. 



Theorem 2.1. Suppose that the family of vector functions {v,k}™ =1 G Hq($7) is orthonor- 
mal and, in addition, div-u^ = 0, k — 1, . . . ,m. Then 

Y\\Vu k \\ 2 >—( } 2n) "X /n ' ml+Vn • ( 2 - 12 ) 

Proof. We set 

rn 

/(o = £i«*(Oi a - 
fc=i 

By Lemma 12.41 and the Plancherel theorem / satisfies 

(1) 0</(0<(n-l)|fi|; 

(2) J7(0#=(27r)"m; 

(3) Jie| 2 /(0^=(27rrEr=il|V^|| 2 . 
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Using Lemma 12.51 we find that 

2/(2+n) / m \ n/(2+n) 

(2vr)"m= / ( (n-l)|0|u;„ ' 



■in \ ■ 

(27r)"^||VM fc || 2 (2 + n)/nj 
fe=i ' 



which is ( 12TT21 . □ 

Theorem 2.2. TTie eigenvalues A& of the Stokes operator satisfy the following lower bound: 



fc=l 



2 + n \uo n (n — 1)0 



2/n 



Proof. Since U C {-u g Hj(0), divu = 0} we can chose the first m eigenvectors for the 
Wfc's in (12.121) and taking into account (12.31) we obtain (I2.13p . □ 

Remark 2.4. In view of the asymptotics (11.31) this lower bound is sharp in the sense that the 
inequality with the coefficient of m l+2 / n larger than in (12.131) cannot hold for a sufficiently 
large m. 

Remark 2.5. Weaker lower bounds based on the estimate (12.71) 

f-f - 2 + n V^n O y 

fc=i x ii/ 

have earlier been proved in [10J for n = 2, 3. 

Remark 2.6. In fact, for any orthonormal family {it*,}^ G V we have 



m 



^||Vn fc f > £a 
fc=i fe=i 

Corollary 2.2. Each eigenvalue A& satisfies 



Xt > » f yv, (2.i4) 



2 + n \ ci; n fn — 1)|0| 



A,> W >^f^r. (2.15) 



w/w/e Ai satisfies 



2 + n \ u n I O 

Proof. The sequence {A^}^ is nondecreasing and (12. 14|) is obvious. Since V C Hq(O), 

llVdl 2 llVnll 2 
/ii = min — — — < min —r. — rr— = Ai 

and the second inequality in (12.151) is (11.11) with m = 1. Let us prove that Ai > [L\. 
Suppose that /ii = || Vwo|| 2 /||wo|| 2 f° r some u G Hq(O). It is well known that /ii is a 
simple eigenvalue with unique (up to a constant factor) eigenfunction <pi. Therefore any 
such uo is of the form uo(x) = (Zi<y?i(x), Z 2 y?i(£), • • • , lnfi{x)) for some constants h, . . . , l n , 
\l\ > 0. (Without loss of generality we can assume that \l\ = 1.) Now Ai = fi± if and only 
if uo so obtained satisfies, in addition, divuo = 0. Therefore = divuo = 0, and <p% is 
constant along the lines parallel to I, which is impossible. □ 
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3. Applications to the Navier-Stokes system 
We write the two-dimensional Navier-Stokes system as an evolution equation in H 

d t u + vAu + B(u,u) = /, u(0) —Uo, (3.1) 

where A = —PA is the Stokes operator and B(u,v) = P(J2t=i uid i v )- The equation (IO) 
generates the semigroup St : H — > JT, SfWo = which has a compact global attractor 
A H (see, for instance, [2] , [5] , [7] , [21] for the case of a domain with smooth boundary dfl, 
and [12], [18] for a nonsmooth domain). The attractor A is the maximal strictly invariant 
compact set. 

Theorem 3.1. The fractal dimension of A satisfies the following estimate 



dimM , 7 ^ (W .M <7 J T7I MM. (3 ,) 



(8 v / 3tt) 1 /2 v 11 " Aiz/ 2 47T3V4 



Proof. Since for the proof of (13.21) we need to use in (3j Theorem 4.1] the new improved 
constants in the Lieb-Thirring inequality (13.61) below and in the lower bound (I2.12p for 
n = 2, the proof of the theorem will only be outlined. The solution semigroup St is 
uniformly different iable in H with differential L(t, Uo) '■ £ —*■ U(t) G H, where U(t) is the 
solution of the variational equation 

d t U = -uAU -B(U,u(t)) -B(u(t),U) =: C(t,u Q )U, U(0) = £ (3.3) 

We estimate the numbers q(m) (the sums of the first m global Lyapunov exponents): 

q(m) < limsup sup sup - / Up)vj, Vj) dr, (3.4) 

t^co uo eA {vjYp^ev t Jo ~l 

where {vj}™ =l G V is an arbitrary orthonormal system of dimension m [2]. [4]. [5], [21]. 

m m „ m 2 

X](£(t, U )Vj, Vj) = IIV^II 2 ~ / X X V '3 d kU i v)dx < 
j=l j=l j=l k,i=l 

m „ 

-y^2\\Vvj\\ 2 + 2~ 1/2 / p(x)|Vw(t,x)| dx < 



3=1 



-v^WVvjf + 2~ 1/2 ||p||||Vm|| < 

m , m -v 1/2 

-"EllV^H 2 + 2- 1/2 c LT XHVM 2 ||V«(t)|| < 

-iEllv^ll 2 + ^llv«Wir<-^ + ^llv ll ( f )f, 

3=1 1 1 

Here we used the inequality | i=1 v k dga l v l \ = | V« v ■ v | < 2- 1 / 2 |Vu|M 2 P Lemma 4.1], 
then (I3.6p . and, finally, (12.121) . written for n = 2 and the orthonormal family {f J }™ =1 G V 
as follows 

Xll v ^ll 2 ^ nSr> c sp = 2tt. (3.5) 



fc=l 
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Using the well-known estimate 

limsupsup - f \\Vu(T)\\ 2 dT < |ff = Aiz/ 2 G 2 , G , , 
t J Xxu 2 \ x v l 



t—>oo uo£A 

for the solutions lying on the attractor we obtain for the numbers q(m): 

vc sp m 2 i/AiC LT G 2 

It was shown in [I] (see also [5].[2T]) and in [3J, respectively, that both the Hausdorff and 
fractal dimensions of A are bounded by the number m* for which q(m*) = 0. This gives 
that 

1/2 



dim F ^< f^j (Ai|fi|) 1/2 G, 



which in view of (13. 6p and (13.51) proves the first inequality in (13. 2p . while the second 
inequality follows from (I2.15P with n = 2: Ai > 27r/jO| . 

□ 

Theorem 3.2. Let the family {vj}'JL 1 E Hj(0) ; OCR 2 be orthonormal and divu,- = ; 
j = 1, ... ,m. Then the following inequality holds for p(x) = Y^Jk=i \ v k{%)\ 2 : 

(El^( X )| 2 ) rfX ^ Clt^IIV^II 2 , C LT<^- (3-6) 

\j=l / j=i v 

Proof. It was proved in [3] , [TT] that the best (by notational definition) constant clt in (13.61) 
satisfies 

clt < 4L lj2 , 

where the constant Li 2 comes from the Lieb-Thirring spectral estimate [Hj 



iPir 



^l^l 7 <L 7 , n / f{xy +n ' 2 dx 



jLt 3 <0 

for the negative eigenvalues of the scalar Schrodinger operator — A — / in R n , / > 0. For 
L 7jn we always have 

t r( 7 + i) 

7 ' n " 7 ' n ' (4vr)-/ 2 r( 7 + n/2 + l) ' 
It was recently shown in [6] that for n > 1 

L 7 , n < -R • L^n, i2 = n/V3 = 1.8138... , 7 > 1, 

which improves the previous important estimate L 7i „ < 2L 7 1 n established in [8]. Hence 
c LT < 4i2L^J n = 1/(2^). The proof is complete. □ 

Remark 3.1. The idea to use Lieb-Thirring inequalities in the context of the Navier-Stokes 
equations [15] has led to estimates of dimension that are linear with respect to the Grashof 
number G [20] . First explicit estimates for the dimension of the attractors were obtained 
in [TO] and improved in [3]. The explicit constants in ( 13.21) are further improvements (by 
the factor (2 • (2/i?)) 1 / 2 = 1.485 . . . ) of the corresponding constants in [3]. 
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